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Problem: Neural network training 1s computationally expensive with the
multiply-and-accumulate operations performed in matrix multiplications
accounting for most of this cost. Compared to addition, multiplication 1s
significantly more demanding in terms of hardware area and energy and 1s
ultimately the primary contributor to the overall computational burden.

Can we replace matrix multiplications with theoretically cheaper

piecewise-affine alternatives?

Can neural networks be trained in a completely “multiplication-free”
manner by extending this approach to other operations (see figure =)?

Background: Floating Point Numbers

Binary equivalent of the scientific notation:
(—1)°-28.-(1+M) with SE{0,1}, EEZ 0<M< 1

The bit representation of this using IEEE 754 -
1S, eq, ..., €7, Mg, oo, Moy

loat32 encoding i1s:

WlthE—' — (80 ...37), E = E—' — 127, M — (mo ...mzz), M = M/ZZB
Special interpretations for E = 0 and E = 255 give 0, NaN and +oo

Piecewise-Affine Multiplication

Definition:
LetA = (—1)°4-284.(1+ My)and B = (—1)°B - 2EB . (1 + Mp)
Piecewise-Affine Multiplication (PAM) 1s then defined as C = A * B with:

C = (—=1)%c.28c.(1+ M)

Se = (54 + Sg) mod 2
E.:=E,+Ep + 1{M, + Mg > 1}
M, := M, + Mg — 1{M, + My > 1}

X1
Standard

Two types of derivatives:

where 1{a} 1s one when a holds and zero otherwise.
Implementation:
Adding the binary representations together as int32 which allows M to
overflow into E. Then correcting for the exponent offset of -127 and
handling edge cases including exponent over/underflows and NaN/Inf.
Approximates standard multiplication (pattern repeats per binade):

Exact bwd: §, = 2EBt1HMa*+Mp21}§ . the true derivative
Mimic bwd: 6, = B * §,, uses PAM in standard derivative formula
Both can be performed without standard multiplications.
The mimic derivative is biased but has less variance.
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We can construct other piecewise-affine operations e.g., log/exp

palog,(A) = Ep + M, A> 0
Operations like sqrt, exp etc. can be defined 1n terms of these
Also have two types of derivatives, exact and a mimic version based
on the formula for the derivative of the standard analog

paexp,(A) = 2141 (1 + A — |A)]),

— 1.5x
. — 1/x
—— exp>y (x)
6 - —— logs (X)
5 _
4 -
3 —
N I N7 R R
1-
0 e
7 8

Figure: Elementary neural network operations (solid lines) along with
cheaper piecewise affine alternatives (dashed lines). The piecewise affine
functions periodically match the originals, while the slope of each segment
1S an exact power of 2.

Piecewise-Affine Matrix Multiplications

Alternative method

DATASET BASELINE PA-MATMUL ADDER

DeiT-Tiny CIFARI10 04.8%  [95.0[+0.2]%| 92.4[—0.2]%*
IMAGENET 72.2% 72.2[+0.0]%| 70.5[—1.7]%

NETWORK BASELINE PA-MATMUL
C Net VGG-13 92.9 +0.3% |92.9/+0.0] £ 0.2%
ONVINELS RESNET-20 92.14+0.3% [92.0[—0.1] £ 0.2%
(CIFAR-10) RESNET-110 94.2+0.1% [94.1[—0.1] + 0.2%
RESNEXT-20 4x16  93.7 £0.2% [93.8[+0.1] & 0.2%
CONVMIXER-256/8 94.8 +0.2% [94.8[—0.0] £0.1%

Narrow Mantissas VGG-13 Transformer-Small
MATMUL TYPE CIFAR-10 TEST AccurRAacYy IWSLTI14 BLEU SCORE
FLOAT3?2 92.9 4+ 0.3% 34.4 1+ 0.1
PAM FLOAT32 92.9 4+ 0.2% 34.2 + 0.2
PAM BFLOAT 92.9 4+ 0.2% 34.4 1+ (0.2
PAM 4 BIT MANTISSA 92.9 4+ 0.5% 34.2+0.1
PAM 3 BIT MANTISSA 92.8 4+ 0.2% 29.4 4+ 0.5

Fully Multiplication-Free Training IWSLT14 DE-EN BLEU Score

PA OPERATION(S) EXACT BWD MIMIC BWD CUMULATIVE

MATMUL 33.4[—1.0]+£ 0.1  34.2[—0.2] £0.2 34.2[—0.2] + 0.2
ATTENTION SOFTMAX  3.0[—31.4] £0.9 34.3[—0.1] +£0.7 34.2[-0.2] £0.2
LAYER NORM 33.7—0.7+£0.2  34.4]-0.0] 0.1 34.4[-0.0] 0.1
L.OSS 33.7[—0.7] £ 0.2 33.0(—1.4] +£0.9 33.7[-0.7] £0.2
OPTIMIZER 34.2]—0.2] £ 0.1 33.5—0.9] £ 0.3

Conclusion: Able to match the baselines with piecewise-atfine matrix
multiplications. Only minor degradation replacing all multiplications.

PAM Hardware Cost E

ADDITION MULTIPLICATION
FORMAT ENERGY [pJ] AREA [um2] ENERGY [pJ] AREA [pm2]
INT32 0.1 137 3.1 3495
INT16 0.05 67
INTS8 0.03 36 0.2 282
FLOAT32 0.9 4184 3.7 7700
FLOAT16 0.4 1360 1.1 1640

PAM vs standard multiplication for float32:
 ~20x energy savings, ~30x area savings
Special hardware required to realize gains
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