
Table 2: Top-1 Test/Validation Accuracy for DeiT-Tiny Training. The brackets denote the change
from the baseline. *Shu et al. 2021 reports a different baseline accuracy of 92.6% on CIFAR10.

DATASET BASELINE PA-MATMUL ADDER

CIFAR10 94.8% 95.0[+0.2]% 92.4[�0.2]%*
IMAGENET 72.2% 72.2[+0.0]% 70.5[�1.7]%

multiplications. This includes all linear layers, the batched matrix multiplication used in the attention
and the convolutional layer used for the patch embedding in the vision transformer. Here we use the
same type of matrix multiplications on the backwards pass which corresponds to the approximate
derivatives described in Section 2.5.

Our results for DeiT-Tiny on CIFAR10 and ImageNet can be seen in Table 2. The PAM based
matrix multiplication training matches the baseline accuracy for both datasets. We compare to Adder
Attention [30] which also replaces multiplications by cheaper addition based operations. They do
not replace the batched matrix multiplication and use standard matrix multiplication for the first and
last transformer layer on ImageNet and also use multiplications to smooth the gradients during the
backwards pass. Adder Attention transformers can roughly match their reported baseline accuracy
for CIFAR10, but do suffer from a sizable degradation on ImageNet.

For IWSLT14 we obtain a baseline test BLEU score of 34.37. Replacing all matrix multiplications
on the forward and backwards passes with PAM based matrix multiplications gives a test BLEU
score of 34.22. Both scores are averaged over three runs. The observed difference of 0.15 is slightly
larger than the run-to-run variance we observed, but fairly small overall. We also note that we use
standard hyperparameters originally obtained from FairSeq and tuning the hyperparameters may
improve performance.

In Appendix C we show similar experiments for several non-transformer models including convo-
lutional neural and mixer architectures on CIFAR-10. We find little to no degradation across all
networks tested.

3.3 Replacing Other Operations

In Table 3 we measure the impact of using piecewise affine versions of different network components.
We isolate the effect of each component and experiment with the two different derivative types
described in Section 2. MATMUL refers to the linear layers and the batched matrix multiplications
that we replaced in Section 3.2. Using exact derivatives for the matrix multiplications performs
notably worse than the approximate ones. The same holds for piecewise linear layer normalization,
with approximate derivatives we observe little to no degradation but using the exact ones cause a
notable one. ATTENTION SOFTMAX refers to the softmax operation performed in the attention
computation and excludes the softmax for the loss. Here we find that the using the exact derivatives
cause a training instability when using the default hyperparameters whereas the with the approximate
backwards pass the performance impact is negligible. The LOSS function, softmax cross-entropy
with label smoothing, is the only operation where we find the approximate BWD pass to perform

Table 3: BLEU Test Scores on IWSLT14 DE-EN translation for modified Transformer-Small training
where certain operations are replaced with piecewise affine approximations using either the exact
or approximate backward pass. Cumulative experiments replace all previously listed operations
using the better performing derivative version for each one. The brackets denote the change from
the baseline BLEU score of 34.4± 0.1. Each reported score is the average±std over three runs with
different seeds.

PA OPERATION(S) EXACT BWD MIMIC BWD CUMULATIVE

MATMUL 33.4[�1.0]± 0.1 34.2[�0.2]± 0.2 34.2[�0.2]± 0.2
ATTENTION SOFTMAX 3.0[�31.4]± 0.9 34.3[�0.1]± 0.7 34.2[�0.2]± 0.2
LAYER NORM 33.7[�0.7]± 0.2 34.4[�0.0]± 0.1 34.4[�0.0]± 0.1
LOSS 33.7[�0.7]± 0.2 33.0[�1.4]± 0.9 33.7[�0.7]± 0.2

OPTIMIZER 34.2[�0.2]± 0.1 33.5[�0.9]± 0.3
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Definition:
Let 𝐴 = −1 !! ⋅ 2"! ⋅ 1 + 𝑀#  and 𝐵 = −1 !" ⋅ 2"" ⋅ 1 + 𝑀$
Piecewise-Affine Multiplication (PAM) is then defined as C = 𝐴 ⋅̂ 𝐵 with:

𝐶 = −1 !# ⋅ 2"# ⋅ 1 + 𝑀%
𝑆% ≔ 𝑆# + 𝑆$ 	mod	2

𝐸% ≔ 𝐸# + 𝐸$ + 1 𝑀# +𝑀$ ≥ 1
𝑀% ≔ 𝑀# +𝑀$ − 1 𝑀# +𝑀$ ≥ 1

where 1{𝑎} is one when a holds and zero otherwise.
Implementation:
Adding the binary representations together as int32 which allows 8𝑀 to 
overflow into 9𝐸. Then correcting for the exponent offset of -127 and 
handling edge cases including exponent over/underflows and NaN/Inf.
Approximates standard multiplication (pattern repeats per binade):

Two types of derivatives:
• Exact bwd: 𝛿# = 2""&'{)!&)"*'}𝛿% , the true derivative
• Mimic bwd: 𝛿# = 𝐵 ⋅̂ 𝛿% , uses PAM in standard derivative formula
• Both can be performed without standard multiplications.
• The mimic derivative is biased but has less variance.

PAM Hardware Cost

Hardware-Efficient Transformer Training 
via Piecewise Affine Operations

Atli Kosson & Martin Jaggi
Machine Learning & Optimization Laboratory

Problem: Neural network training is computationally expensive with the 
multiply-and-accumulate operations performed in matrix multiplications 
accounting for most of this cost. Compared to addition, multiplication is 
significantly more demanding in terms of hardware area and energy and is 
ultimately the primary contributor to the overall computational burden.

Questions:
• Can we replace matrix multiplications with theoretically cheaper 

piecewise-affine alternatives?
• Can neural networks be trained in a completely “multiplication-free” 

manner by extending this approach to other operations (see figure ➞)?

Motivation

Figure: Elementary neural network operations (solid lines) along with 
cheaper piecewise affine alternatives (dashed lines). The piecewise affine 
functions periodically match the originals, while the slope of each segment 
is an exact power of 2.

• Binary equivalent of the scientific notation:
−1 ! ⋅ 2" ⋅ 1 + 𝑀   with  𝑆 ∈ 0,1 , 𝐸 ∈ ℤ, 0 ≤ 𝑀 < 1

• The bit representation of this using IEEE 754 float32 encoding is:
𝑆, 𝑒,, … , 𝑒-, 𝑚,, … ,𝑚..

with 9𝐸 = 𝑒,…𝑒- , 𝐸 = 9𝐸 − 127, 8𝑀 = 𝑚,…𝑚.. , 𝑀 = 8𝑀/2./
• Special interpretations for 9𝐸 = 0 and 9𝐸 = 255 give 0, NaN and ±∞

Background: Floating Point Numbers

Piecewise-Affine Matrix Multiplications
 

Narrow Mantissas

Fully Multiplication-Free Training

Conclusion: Able to match the baselines with piecewise-affine matrix 
multiplications. Only minor degradation replacing all multiplications. 

Experiments

Table 5: Top-1 Test Accuracy on CIFAR-10 for different networks when trained with standard matrix
multiplications vs piecewise affine matrix multiplications (using approximate bwd). Each value is the
average±std for three runs with different seeds. Brackets show the difference from the baseline.

NETWORK BASELINE PA-MATMUL

VGG-13 92.9± 0.3% 92.9[+0.0]± 0.2%
RESNET-20 92.1± 0.3% 92.0[�0.1]± 0.2%
RESNET-110 94.2± 0.1% 94.1[�0.1]± 0.2%
RESNEXT-20 4X16 93.7± 0.2% 93.8[+0.1]± 0.2%
CONVMIXER-256/8 94.8± 0.2% 94.8[�0.0]± 0.1%

In each case we roughly match the baseline (within the run-to-run variance), without any adjustments
to the hyperparameters.

We selected the five models to demonstrate variety. Here are some of the ways in which they differ:

• VGG-13 [31]: Plain CNN without skip connection or normalization layers. Contains several
fully connected layers at the end.

• ResNet-20 [11]: Model with skip connections and normalization.
• ResNet-110 [11]: Model of significant depth.
• ResNeXt-20 4x16 [37]: Uses bottleneck blocks and grouped convolutions.
• ConvMixer-256/8 [33]: Has a mixer style architecture and uses GeLU activations. The

training setup also uses heavier data augmentation than for the other networks.

The exact details of the training setup used in each case can be found in our code.

D PAM with Narrower Mantissas

In this section we explore whether PAM can work with narrower mantissas which would decrease
memory read costs and improve effective memory bandwidth. We simulate training with piecewise
affine matrix multiplications (approximate bwd) using numerical formats with fewer mantissa bits
than the 23 used in float32. We implement this by rounding the inputs and masking the extra mantissa
bits, but do not change any other aspects of the training setup (i.e. no tuning or special low precision
tricks). The internal accumulation is left unchanged similar to standard fp16-fp32 mixed precision.
We focus on the training for two tasks, the IWSLT transformer from Section 3.2 and the VGG-13
CIFAR-10 network from Appendix C. The results can be seen in Table 6 below.

For both networks, we observe minimal to no discrepancy when training with 7 bits (equivalent to
bfloat16). Mantissas as narrow as 4 bits work well, providing a comfortable margin for bfloat16 and
offering promise for extensions into very narrow formats like 8-bit formats (although these might
necessitate additional techniques to accommodate the narrow exponent). However, a 3-bit mantissa
noticeably impairs the transformer’s performance and may marginally impact the VGG training.

Table 6: The impact of the mantissa size of the PAM inputs on VGG-13 CIFAR-10 Test Accuracy
and IWSLT14 BLEU Score for a small transformer. Each value is the average±std for three runs
with different seeds.

MATMUL TYPE VGG-13 TEST ACCURACY IWSLT14 BLEU SCORE

FLOAT32 92.9± 0.3% 34.4± 0.1
PAM FLOAT32 92.9± 0.2% 34.2± 0.2
PAM BFLOAT 92.9± 0.2% 34.4± 0.2
PAM 4 BIT MANTISSA 92.9± 0.5% 34.2± 0.1
PAM 3 BIT MANTISSA 92.8± 0.2% 29.4± 0.5

E Runtime

Since PAM is not natively supported by the GPUs we use for our experiments, we require multiple
instructions for each operation and can not make use of special hardware features such as the tensor
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Piecewise-Affine Multiplication

• We can construct other piecewise-affine operations e.g., log/exp
paexp. A = 2 # ⋅ 1 + 𝐴 − 𝐴 , 	palog. A = E0 +M0, A > 0

• Operations like sqrt, exp etc. can be defined in terms of these
• Also have two types of derivatives, exact and a mimic version based 

on the formula for the derivative of the standard analog

Other Piecewise-Affine Operations

arXiv:2305.17190

PAM vs standard multiplication for float32:
• ~20x energy savings, ~30x area savings
Special hardware required to realize gains

Table 4: Hardware costs of arithmetic operations in different precision from [12, 10].

ADDITION MULTIPLICATION
FORMAT ENERGY [pJ] AREA [µm2] ENERGY [pJ] AREA [µm2]

INT32 0.1 137 3.1 3495
INT16 0.05 67

INT8 0.03 36 0.2 282
FLOAT32 0.9 4184 3.7 7700
FLOAT16 0.4 1360 1.1 1640

B Hardware Cost of Piecewise Affine Multiplication

It is important to note that our objective in this work is to investigate the machine learning characteris-
tics of training with piecewise affine operations, rather than designing a hardware implementation. We
demonstrate that such training is viable, with final model performance and convergence speed roughly
identical to standard training. Without such algorithmic evidence to motivate their development, the
development of efficient hardware implementations is unlikely. Although the details of the integrated
circuit design should not affect e.g. convergence, they can drastically affect the cost of the operation
in terms of energy or area.

Such hardware considerations include which aspects of standard floating point numbers are supported,
e.g. denormal numbers, different types of NaNs and so on, as well as whether to use a custom
encoding of the exponent for instance. An actual hardware implementation would also have to
consider factors such as latency, as well as memory characteristics like bandwidth and read costs.
The design could either focus on individual operands or vectors like tensor cores and systolic arrays.
Operating directly on vectors or matrices can allow significant amortization of some of the costs
involved.

Ignoring most of these considerations we can arrive at a very rough estimate of the costs. We assume
that the cost of multiply-and-accumulate operations is the sum of the costs provided in Table 4 for
multiplication and addition. A PAM operation can be performed with one full int32 addition and one
int8 addition for the exponent which also needs to check for under / overflow. When implemented
as a logic circuit, we estimate the cost of this could be comparable to two int32 additions. Using
these numbers float32 PAM uses roughly 2·0.1

3.7 = 5.4% of the energy and 2·137
7700 = 3.6% of the area

compared to float32 multiplication and 2·0.1
1.1 = 18% of the energy and 2·137

1640 = 17% of the area
compared to float16 multiplication. PAM is likely to work with smaller numbers such as float16 which
would reduce the cost further by a factor of around 2⇥. In Appendix D we find that mantissas as
narrow as 4 bits may work well, significantly less than the 10 and 7 bits used in float16 and bfloat16.

PAM reduces the cost of multiplications by roughly an order of magnitude but does not affect
accumulation. The average savings for multiply-and-accumulate (MAC) operations will therefore be
lower. For float32-multiply float32-accumulate PAM could have a cost of roughly 2·0.1+0.9

3.7+0.9 = 24%

of the energy and 2·137+4184
7700+4184 = 38% of the area. For standard mixed precision float16-multiply

float32-accumulate the costs are 2·0.1+0.9
1.1+0.9 = 55% of the energy and 2·137+4184

1640+4184 = 77% of the area.
As we have eliminated the majority of the cost associated with the multiplication, the accumulation
accounts for the majority of the remaining arithmetic costs of dot products. These costs can likely be
reduced with methods such as chunked accumulation in lower precision [29, 35], combining multiple
operations as done in tensor cores, or the Kulisch accumulation method used in [13]. We have not
explored the use of these methods here but conjecture they are likely complementary to our approach,
just as they have been for standard multiplication.

C Additional Architectures

The main focus of this work is on transformer networks. However we have found that piecewise
affine matrix multiplications work well across a range of convolutional architectures. Table 5 shows
the results of training five different non-transformer networks on CIFAR-10 using piecewise affine
matrix multiplications with the approximate bwd pass, replacing all linear and convolutional layers.
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Alternative method

PAM Standard Error %


